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Abstract. The global optimization problem is considered under the assumption that the objective
function is convex with respect to some variables. A finite subgradient algorithm for the search of an

g-optimal solution is proposed. Results of numerical experiments are presented.
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1. Introduction
Consider the global optimization problem
F(x)— min, M

where the objective function F(-) is Lipschitz continuous with the constant L >0
on X, X C E, is convex and compact, E, is a k-dimensional Euclidean space.
Denote

Xo= {xEEX|F(x)S£r,1€ir§F(x’)+ e}, e=0,

Xg =X,

X is the set of e-optimal solutions of the problem (1),
X, is the optimal set.

To construct a trajectory algorithm (see [1]) for the global e-optimization we
need

(i) a class € of curves C, C C X, satisfying
CNX,#0 VvCel

where curve C C E, may be considered as some trajectory C = {c(t), tE€ T};
(ii) the very algorithm searching a global extremum on a curve (trajectory)

ceq.
Usually the class € of trajectories is defined by ordinary differential equations
i=G(x), x(0)=x,,

) L (2)
G ={x(t), te[0,=]|%=Gx), x0)EX'},
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and as searching algorithms finite-difference analogues of (2) are considered (see
[1-6]). In the present paper we consider a different approach to the definition of
€. Thus, we have to construct special algorithms searching the global optimum on
trajectories C € €.
ASSUMPTION 1.1. Let in problem (1)

X=YxXZ, (3)

where YCE, , ZCE, are compact, k,+k,=k, Y is convex, Z is simply
connected.
Set

x=(y,2)EYXZ=X,

Fx)=F(y, 2),

Yo(2)={y EY|F(y, )< min F(y', 2) + B}, =0,
Yi(2)=Y,(z2), zEZ.

DEFINITION 1.2. The trajectory {y(z), z€ Z} is said to be a quasioptimal
trajectory of problem (1) (in respect to the decomposition (3)) if

y(2)EY,(z) VzeZ. O
DEFINITION 1.3. The finite set Z* = {z',..., z"} is called a y-chain on Z, if
Z* has the following properties:

ez, i=1,...,N;

1IsnilanHz—z <y VzeZ,;

|z =2 <2y, i=1,...,N~-1. =

DEFINITION 1.4. The finite trajectory {y(z), z€Z*}, Z*={2, ...,
z¥}y D Z, is said to be (a, B, ¥ )-quasioptimal trajectory of problem (1), a, =0,
y >0, if

Z* 18 a y-chain on Z
and

p(¥(z), Yoz <a, i=1,...,N;

p(x, A)=inf||x —y|,xEE, ACE. O

LEMMA 1.5. (1) Every quasioptimal trajectory C= {y(z), z € Z*} of problem
(1) has the property that

CNX,#0.
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(2) Every (a, B, v)-quasioptimal trajectory C ={y(z), z € Z*} of problem (1)
has the property that

CNXS#§,

where € = La''* + B + Ly.

Proof. Let us fix arbitrary € >0 and «, 8 =0, y >0, satisfying the estimation
La'”+B+Ly=<e.

Let C=(y(z), z € Z*) be an arbitrary (e, B, y)-quasioptimal trajectory of (1)
and x, = (y,, z,) be an optimal solution of (1),

X0 = (Yo> 20) € Xy -

By Definition 1.4 the finite set Z* C Z is a y-chain on Z, thus there exists
z{ € Z* such that

25—zl <v-
Set
e(z) = min Fix,y),z€Z.
It is easily seen that ¢(- ) is Lipschitz continuous with the constant L >0 on Z and
¢(zo) = min F(x) .
Hence, we have »
o(25) =< o(z) + L || 25 — 2o || <min F(x) + Ly .
By Definition 1.4 there exists y,(z§) € Y4(z%) such that
lyo(z5) —yEP) =o'
Applying the definition of Y#(z*), we obtain
F(y(z3), 25) < F(yo(25), 25) + L || y(z5) = yo(z) |
<¢(zp)+ B+ La'*<minF(x)+ Ly + B+ La'”
< min (x)+¢.
Therefore, we get
(¥(z3), x3) € X,
and
CNXy#0. O

In Section 2 the finite subgradient algorithm for the convex parametric pro-
gramming problem is considered. The infinite algorithms of this type were studied
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in [7, 8]. In Section 3 the subgradient parametric programming algorithm is
applied to search an e-optimal solution of the problem (1) on an (e, B8, v)-
quasioptimal trajectory. Some results of numerical experiments are presented in
Sections 4, 5.

2. The Finite Subgradient Algorithm for the Parametric Optimization
Consider the parametric programming problem: to search x(t) € X (¢),
X, ={xEX|P(x,1)= mér)} d(x', 0}, tE€T, 4)

where the objective function ®(-, ¢) is continuous on X X 7', X C E,, T C E; are
compact, X is convex, 7T is simply connected, diam X =sup,. ey || x —x"|| =
D.

Set

X5 ={x€ X | d(x, f)<min ®(x', 1)+ B}, t€T, p=0.
DEFINITION 2.2. The discrete trajectory {x(¢), t€ T*}, T*={¢',..., "}, is
called an (a, B, y)-optimal solution of (4) if

T* is a y-chain on T
and

px(t), X8 <e, i=1,...,N.

ASSUMPTION 2.3. Let in (4) the objective function ®(-, t) be convex on X for
every t€T, L >0 and

| ®(x, )= ®(x, ") |<L|t—1"| Vi, t'eT
Let

3D d(x, 1)
denote the set of all 5-subgradients of the convex function ®(-, t) in the point x
(see [9]), & =0.

Consider the following algorithm:

" =pr(x"—at"), n=1,...,N—-1, (5)
where pr,(-) is the projector on X,

g edPoE" "), n=1,...,N—-1,

T*={t,...,t"} is a y-chain on T,

a, 8, y —are parameters, a, y >0, 6 =0,

x' € X is an initial point.
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Let us fix arbitrary a,, B, % >0. Our aim is to obtain some (a,, By, ¥)-
optimal solution of (4).

THEOREM 2.4. Let Assumption 2.3 be fulfilled and in (5)
& |<K, n=1,...,N-1.
Suppose that the parameters a, 8, y of algorithm (5) satisfy

2 21y2

LD
00+2a8+a21<2+@y+16 .
Bo Bo

2 2442

LD 2
2a6+a2K2+%—D——7+16——2 2 298y
Bo Bo D

0<')’$')’oa 6207 a>0:

2
Y =a,

8, , (6)

for some 6,> 0.
Suppose that the initial point x' € X satisfies

P(xl’ Xgo(tl))z S .

Then every trajectory {x(t")=x",n=1, ..., N} of the algorithm (5) is an (",
Bos Yo)-optimal solution of (4), i.e.,

p(x", X2t <q,, n=1,...,N. a
REMARK 2.5. It is easily seen that for any ag, B,, ¥, >0 there exist a, 8, y

satistying (6).
The proof is in the Appendix.

3. The Global Optimization Algorithm

Consider the global optimization problem (1).

ASSUMPTION 3.1. Let the objective function F(-, z) be convex on Y for every
zE Z.

The algorithm searching on an («,, B,, V¥,)-quasioptimal trajectory is as follows:

yn+l — pry(yn _ afn) ,
xn+1 _ (yn+1’ Zn+1)

oner _ X PG < F(x"");
x"*!, in opposite case ;

(7

n=1,...,N—1,

1 Ny - .
where {z,...,z"} is a y-chain on Z;
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n 8) n n — —
E"edr)(y", 2"y, n=1,...,N-1,
parameters a, y >0, 6 =0;
y' € Y is an initial point.

Let us fix an arbitrary ¢ > 0. Applying Theorem 2.4 and Lemma 1.5, we obtain

THEOREM 3.2. Let Assumptions 1.1, 3.1 be fulfilled and in (7)
|¢"|l<K, n=1,...,N-1.

Suppose that parameters a, 8, v, of the algorithm (7) satisfy
2

LD? L*D
00+2a6+a2K2+§———y+16 — y’=<q,
By Bo
27-2 8LD’ L’D’ 2 2aBy 1,
2a6 + a’K +——.30 v +16 5’ Y S—D 0,°,

Laé/2+[30+ Ly,<e¢,

0<y=v,,a>0,86=0, 6>0,
D =diam Y,
for some oy, By, vy, 8,>0, and the initial point y' satisfies

p(y, Y§(2') < ay
(it is obvious that y' € Yi(z")).
Then every trajectory of the algorithm (7) has the following properties:
(1) {y"(")=y"n=1,...,N}isan (a,, By, ¥ )-quasioptimal trajectory of (1);
(i) #Ne X5 .

4. Numerical Examples

Conditions on parameters of algorithm (7) are rather restricting. If we set, for
example, D =10, L =100 and ¢ = 0.05, then to satisfy the conditions we have to
take very small values of a, & and y (for instance, y < 107°). But analysing the
proof of Theorem 2.4 it is easy to see that conditions (6) may be weakened and
essentially greater values of parameters a, 8, ¥y may be used in algorithm (7).
Numerical experiments show such abilities.

EXAMPLE 4.1. Let F(-) in (1) be defined by

F(x,, x,) =x} +4x] + 4x; + (x, — 2sin(w/2x,))*> (modified Treccani
function [11]),
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X={x=(x,,x,)|-3<x,=1,-1=<x,<1},
Xo={(-2,0), (0,0);,
*=£Ilei§F(x)=0.
Set
y=x,,2=x,
Y=[-1.1], Z=[-3, 1]

(it is easily seen that diam Y =D =2, L =100).
Set

z'=-3,z"""=z"+y,n=1,...,N,
x'=(-3.0, —0.95),
F(x')=F(y', ") <min F(y, z') +0.05,
5=00.

Applying the algorithm (7), we get the results presented in Table I (see Figure 1).

EXAMPLE 4.2. Let F(-) in (1) be defined by
F(x,, x,) = x> — x,x, + 2x; — 1.05x] + éx? (“three-hump camel-back
function™ [2]),
X={x=(x,x)|—25=x,<25, -1sx,<1},

X,={(0,0)}, F*=0.
Set

Y=X,, 2= Xy,

Y=[-1,1], Z=[-2.5,2.5],

it is easily seen that diam Y =D =2, L =10.

Table 1
v a N i F(z")
8-107? 0.5 26 (—0.039999, —0.125580) —0.006146 ]
4-1077 0.5 51 (—4.768371-1077, —1.490116 - 10~°) 9.095568- 107 **
107? 0.5 201 (—2.000000, 3.173947 - 10~%) 3.637991-107'*
107° 0.5 2001 (2.799136 - 107, 8.793734 - 10™°) 3.134153-107°
107* 0.1 20001 (2.000034, 0.002620) 6.323266 - 10°°

10°° 0.05 2000001 (—6.165428 - 107°, —0.000584) 3.199272-1077
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Fig. 1.

Set
2'=-3 2"'=2"+y, n=1,...,N,

x'=(-2.5, -0.95),

F(x')=F(y' z')<mip F(y, z') + 0.05
y

5§=0.0.
Applying the algorithm (7), we get the results presented in Table II (see Figure 2).

Table 11
Y a N ™ F(x™)
81077 0.5 32 (—1.817941-107°% —9.089708 - 107 7) 5.783595- 10712
4-1072 0.5 63 (2.682209- 1077, 1.341104 - 10°") 1.258992-107"
107? 0.3 251 (—1.817941-107% —9.089708 - 1077) 5.783595-107"
107 0.5 2501 (4.626344- 1075, 2.313172-107°) 3.745536-107"
107 0.1 25001 (—9.912793 - 107° —0.000404) 1.601719- 1077

107° 0.05 2500001 (—6.165428 - 10™°, —9.308272 - 10°) 8.166523-10°
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Lt Y S
- - -

Fig. 2.

5. Conclusion

The algorithm (7) may be applied not only in problems (1) with the special
“partly convex” structure. It is possible to use this algorithm, starting with all
local optima {y}, ..., y'} of the problem

1 .
Ky, z )—>ryrgrYl,
when Assumption 3.1 is not fulfilled. In this situation we obtain S trajectories
{(x]=(0},2"),x,n=1,...,N}, j=1...,§,
and set

x" = argmin F(f?’) .

1=sj=<§
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EXAMPLE 5.1. Let F(-) in (1) be defined by

Fxy,x,)=4x3 —2.1x; + % x5 — x,%, —4x, +4x; (“six-hump
camel-back function” [2]),

X={x=(x,x,)|-15sx,<15, -2<x,<2},

X, = {x,}, xo=(—0.7, 0.1), F* ~—1.031628.

Set
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y=x,z2=x,,

Y=[-2,2], Z=[-1.5,1.5].

z'=-15,

y1=02,y;=18,y;=-15,85=3
and

x'=(-1.5,0.2), 6=0.0.

Applying the algorithm (7) with the starting points y;, y; and y;, we get the
results, presented in Table III (see Figure 3).

Table III
y a N x F(x™)

107" 0.2 31 (—0.699999, 0.081739) —1.030185
5-107° 0.2 61 (—0.699999, 0.083760) -1.030272
1072 0.2 301 (—0.710000, 0.090421) ~1.031568

6. Appendix

In this section we supply a proof to Theorem 2.4 (see [10]).
Set

o(1) = min O(x, 1), teT.

LEMMA 6.1. The function ¢(-) is Lipschitz continuous with constant L. >0 on
T. O

LEMMA 6.2. Let f(-) be convex on X C E,, X is convex and compact.
Then for every B=0and x€ X

min(0, min (') — f(x) + B) = — & p(x, x,) = £ | x ~pry (0,
where XB={x€X\f(x)<meir}f(x')+B}. O
Set

h(A, B)= max(mea} p(x, B), r;lea;(p(x, A)),
where A, BC X .

COROLLARY 6.3. For every 3>0,¢t, '€ T

2LD , ,
pQXE(), XN = =5 Il =1l
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Proof. Fix arbitrary ¢, t"€ T, B >0 and
xE X5, (8)
If x & X5(¢"), then, applying Lemma 6.2, we get
—O@, ) - L0 —t"[|+ o)+ B
<—®(x, ) + o) + B < —% p(x, X5() .
By (8)
O(x, )< (1) + B,
and, hence

—e(t) =B Ll =1+ o)+ B~ % p(x, X5()

o) = (t) = LI ¢ =l < = 5 ol X3 .

Now, we have by Lemma 6.1

! " B "
2= )<= £ o x5y,

1 2LD r Y
ol XA =22 0 =] ©)
It is obvious, that if x € X5(¢#") then (9) is valid as well.
Thus,
2LD
max p(x, Xo(")<=—— |t -,
xex§e) B
Similarly
2LD
max_pe, XEE) = 22 o= p,
x€XB(") 3

This completes the proof.

THEOREM 2.4. [10] Let Assumption 2.3 be fulfilled and in (5)
¢ ll<Kk, n=1,...,N-1. (10)

Suppose that a, 8, vy satisfy (6) for some 6,>0 and the initial point x' € X
satisfies

p(x!, Xb( ) < a, . (11)
Then every trajectory {x(t")=x", n=1,..., N} of (5) satisfies
p(x", XB(t" ) <aq,, n=1,...,N.
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Proof. Fix an arbitrary trajectory {x"} of (5) and set
6, = p(x", X5(t")*, n=1,...,N.

By (11) we have

0 <a,. (12)
Set
xl(t]) :ergo(H)(xl) >
sl 0N — ired T
7 X(t)—prxgo(ti)(X(t)), la]—’1)-~'7N'
Foranyn=1,...,N—1 we have

0,,+1 — ” xn+1 _ xn+1(tn+1) ”2 < ||xn+1 _ x—n+1(tn)”2
< (” xn+1 _ xn+1(tn) ” + ” x"+1(t") _ X_f"+1(ln) ”)2
< (|l = X" |+ XS, X)) (13)

By assumption 2.3 and (10) we get
™ = 2@ 2 < | prae” — ag™) — XY [P < | 4" - ag” = (") |
< || = XY P = 2a(&", ¥ — 57 + @ | P
<6, +2a{&" ") - x") + K
<@, +2a(P(x"(t"), ") — PR, )+ 8) + a’K .

Then, it follows from Lemma 6.2 that

nyon ny _ n .n _& nn_n__BO i/2
(D(x(t)’t) q)(x,[)S D”x(t) .XH— DO" .
Thus,
2a
Nx* ' = x"()||* <0, - —DB° 0% +2a + a’K” . (14)
By Corollary 6.3, (14) and (13), we have
2 2DL 16D*L>y*
6, <0 - 2Pogir o5 2Kk 0D 2y + 10D LY
D Bo Bo
2 2y 2 2
00+2a8+a2K2+8DL'y+16D£7 , if9,<@,;
- B, Bo
2 2 2r2 2
0n—%&]03’2+2a3+a21<2+ SZD v+ 16D f Y | ifg >4,.
0 B

Applying (6), yields
0

n

o <max(eg, 6,), n=1,...,N—1.
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Now it follows from (12) that

0,<a,, n=1,...,N—-1.
The theorem is established. O
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